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Light travels at different speeds through different media, but refracts at layer boundaries in order to
traverse the least-time path . In this paper we’ll play light’s game, finding the least-time path
through a number of layers of media, where each media induces a different speed.
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One example of such a problem is the Dys o |as
lifeguard problem sometimes seen in

calculus courses. The lifeguard can travel i —
at a given speed running through sand and a
different speed swimming, and the problem 15
is to find the path that minimizes the time it L
takes to reach a drowning child.
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2-Layer Problem

We start by solving the general two-layer case.

Given values y,, y,, and d, as shown in
the figure, and also given the fixed speeds
v, and v, through each layer, we seek the

unique value of X resulting in the least _ d
time path from A to B. ¥a

As shown in the figure, let
d,=yx2+y? and d, =/(d-x)"+yZ , and let
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(These are the times it takes to traverse the two layers)
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We wish to minimize the total travel time function f defined by
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i.e., we must find the minimum of the function
1

£ = +y2) +5-((@ =07+ v2)°
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Taking the derivative and setting it equal to zero, we obtain:

1
f'(x)= 2%/ (x*+y?) 2 -2x+ o
1 2

(v22 —vf)x4 +2d (vf —vzz)x3 +(v22d2 +viy2 —vid? —vfyf)x2 +2vidy; x-v/id?y? =0

Being a fourth degree polynomial, it can be solved exactly, with the help of a computer algebra
system. The solution is rather complicated, but numerical methods need not be invoked.

As a particular case, let y, =4, y, =6, d =10, v, =1, and v, =2. Then Maple yields 4 exact

solutions, of which two are real and two are complex. One of the real solutions for x is negative,
and the other is the one we seek, which equals exactly

2 (529+ 104 2867)°"° — 19— 11 (529 + 10y 2867)
3 (529 + 10y2867)" " ,

approximately equal to 1.7669994927838833928436718067469630557074373841252.

Notice how much longer the path is through the
second layer, where the speed is doubled, in
order to minimize the total time of the trip.
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n-Layer Problem

Next we turn to the general, n-layer case. In the general case we must optimize a function of
several variables. Closed form solutions can’t be found; we must turn to numerical methods.

For fixed positivey;, v;, d, where v, is the speed through the i layer, which has thickness Yi,
as shown in the figure.

n 2
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Let
d =xZ+y?>, for i=1..,n.
(The lengths of the least-time path through each layer),
and let
d.
t=—, for i=1..,n
v

(The times it takes to traverse the layers)

We wish to minimize

n
subject to the constraints G(x,,---,x,) = > x; =d .

( Amazingly, each little photon solves this problem instantaneously! )

We have:
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Invoking the method of Lagrange multipliers, we have Vf = AVG, hence:

X—ilz/l, for i=1---,n
v (X7 +yP)?
1

X, = AV, (xf + yf)5

X2 = /Izv.z(x.2 + yf)

(1_/12Vi2)xi2 = /IZViZYi2
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This implies that A <i, Vi. A must be less than the least of the reciprocals of the v, (else
V.

the distances become complex numbers). Plugging these values into the constraint equation, we
get:

Zn:xi = iyi (2722 —1)_; =d
i=1 i=1

1

Let w(x)=>y, (vi’zx’2 —1)7 —d . Then the Newton transform of  will have iterates that
i=1
tend to converge to our desired 4. Since
n 3
l//I(X) — Z(Vi_zx—z _1) 2 Vi—zx—3 ’

i=1

the Newton transform is given by :



NOTE:
The following example numerical solutions to particular cases were calculated and plotted with the

assistance of the computer algebra system, Maple.

Numerical Example of a 3-Layer Refraction Problem

Next we examine a particular three-layer numerical example, wherein we can observe the iterates of
T converging to 4, which allows us to solve for each of the x; using equations above.

Let v, =4, v,=6,v, =3y, =y, =Y, =10, d =30. Recall that 2 must be less than the

1

smallest reciprocal of the v;, so in this case must be less than % =0.16. Weselect 4, = T

(rounded to 50 digits) for our initial guess. The Newton transform T then yields the following
successive iterates:

1,=0.15666666666666666666666666666666666666666666666667
A, =0.15000515745694316862436419606257112523395214032845
A, =0.14622925063657614010084093840739909579951349250247
A, =0.14565417650884555566612940728640226815910690939836
A, =0.14564448235359137529067481265737345178591195097913
A, =0.14564447971901194672701966115531986848204090313738
As =0.14564447971901175228474167725645122295132415393069
A, =0.14564447971901175228474167725539209258343476251673 = A

So we know A to 50 decimal places, and we can use this value of lambda to calculate the x; :
1

X, =y (177 -1) 2
1

X, :10(/1*24*2 —1) 2 =7.1677650180861153785122322525798812785805568231943
1

X, =10(ﬂ,‘26‘2 —1) 2 217.974687111003207557349950303972555562536725198559

1
X, :10(/1*23*2 —1) 2 = 4.8575478709106770641378174434475631588827179782492

This path of least time is illustrated in the figure:
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The clever photon knows to make use of its faster pace in the middle layer. ©

Numerical Example of a 4-Layer Refraction Problem

Next we examine a particular three-layer numerical example, wherein we can observe the iterates of
T converging to A, which allows us to solve for each of the x, using equations [¥] above.

Let: v, =5 v,=8 v,=3 v, =10,
y, =10, y,=14,y, =5, y, =8, and d =40.

Recall that A must be less than the smallest reciprocal of the v,, so in this case must be less than

% =0.1. Weselect 4, =0.1-0.01=0.09 (rounded to 50 digits) for our initial guess. The

Newton transform T then yields the following successive iterates:

A,=0.090000000000000000000000000000000000000000000000000
A, =0.091812518958051198206721616765400348554404448732393
A, =0.091646623625517829148326489056264700616308265712427
A, =0.091644705109203999611731667213999500683507585287223
A, =0.091644704860591022852058562339300442413974325499141
As =0.091644704860591018678724688237061014744169439675510
As =0.091644704860591018678724688237059838759165471037946
A, =0.091644704860591018678724688237059838759165471037944 =)

So we know A to 50 decimal places, and we can use this value of lambda to calculate the x; :
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This path of least time is illustrated in the figure:
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Implementing Numerical Solutions of the n-Layer Problem Using Maple

The following shows the Maple 11 worksheet that computed the above 4-layer solution, complete
with both the Maple commands and comments.

> restart . Digits = 50:

Define the number of layers 'n’, the speeds through each layer 'v', the depths of each layer 'y, and
the total horizontal displacement 'dx':

> n:=4: v:=][528,3,10]: y:=1[10,14,528]: Dx :=40:

Calculate a good initial guess 'K' to be used in Newton's method later. The initial guess has to be
less than the smallest of the reciprocals of the speeds through the layers. Empirically, a little less
seems to work well:

1
v[i]”

> K= min(seq( i=1 njj o K= evaZf(K— 10_2);

K :=0.09000000000000000000000000000000000000000000000¢

Define the Newton transform whose iterates converge to the a that solves the Lagrange multiplier
minimization problem:



T:=x—x — evalf

Iterate the above Newton transform until subsequent iterations differ by less than e.
The initial guess is K (defined above):

>
e:=10%": Kold =0:
K;
while abs(Kold — K) > ¢
do
Kold == K : K = T(K) : print(K);
od:

0.09000000000000000000000000000000000000000000000¢
0.09181251895805119820672161676540034855440444873.
0.09164662362551782914832648905626470061630826571.
0.09164470510920399961173166721399950068350758528"
0.09164470486059102285205856233930044241397432549¢
0.09164470486059101867872468823706101474416943967:
0.09164470486059101867872468823705983875916547103
0.09164470486059101867872468823705983875916547103"

This A can be used to solve for the x-coordinates of the minimum time path's intersections with the
layers:

-1
> x:=[seq(y[i]- (k=2 v[i] 2= 1) 27121-11) ;

l



x :=[5.1553156251724693223215255592392545300636527735250
15.093118415087759023504717094470732983405981120693
1.4297695018538734547432689693892438604672811030468
18.321796457885898199430488376900768626063085002[731

Graph the optimal path through the layers:

>

U

with(plots) : i ="i".
Ysum = sum(y[i],i=1..n) :
X[0]=0: Y[O] := Ysum:
fori from1 to n
do

Y[i] = Y[i-1]-y[i]: X[i] == X[i— 1] + x[i] :
od:

fori from1 to n
do
THICK = [op(THICK), 3] :
if (i mod 2 > 0) then COL = [op(COL), 'red']
else COL = [op(COL), 'blue'] :
fi:
od:

COL = [seq('black',i=0.n)]: THICK := [seq(2,i=0.n)]:
forifrom 1 to 2
do

COL = [op(COL),'vellow'] : THICK = [op(THICK), 1] :
od:

plot([seq ([t Y[i],t=0.Dx],i=0.n),
[Dx,t,t=0.Ysum], [0,,t=0. Ysum],
seq ([¢* (X[i + ] X[ 1) + XL, e (Y[i + 1]-Y[i])
+ Y, t=0.1},i=0.(n—1))],
color= COL, thlckness = THICK, axes = none)
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